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Abstract
Given F be a germ of codimension-one singular holomorphic foliation at the origin 0∈C3.
We assume that F can be desingularized by a certain sequence of punctual blow-ups produc-
ing only simple singularities (De9nition 1). This case is studied in analogy with the case of
Kleinian singularities of complex surfaces. It is proved that F is given by a simple poles closed
meromorphic 1-form provided that, along the reduction process, the simple singularities exhibit
a hyperbolic transverse type (Theorem 3). In the non-hyperbolic case, we prove the existence
of a formal integrating factor if we interdict the existence of holomorphic 9rst integrals for the
transverse types (Theorem 4). The proof relies strongly on a result of Deligne regarding the
fundamental group of the complement of algebraic curves in the complex projective plane.
c© 2002 Elsevier Science B.V. All rights reserved.
MSC: Primary: 32S65; secondary: 57R30
1. Introduction
Let X be a complex manifold of dimension n¿ 2. A holomorphic codimension one
singular foliation on X is de9ned by a collection {(!i; Ui)}i∈I of holomorphic 1-forms
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!i in the open sets Ui ⊂ X; X =
⋃
Ui, satisfying the following properties:
(i) Integrability condition: !i ∧ d!i = 0.
(ii) cod sing (!i)¿ 2, where sing (!i) is the analytic set {p∈Ui; !i(p) = 0}.
(iii) Compatibility conditions: !i ∧ !j = 0 on Ui ∩ Uj.
Conditions (ii) and (iii) imply the existence of fij ∈O∗(Ui∩Uj) such that !i=fij!j.
As a consequence sing (!i) ∩ Uj = sing (!j) ∩ Ui. The singular set of F is therefore
de9ned as the codimension ¿ 2 subset sing (F) ⊂ X given by sing (F)∩Ui=sing (!i).
We are interested in the behavior of F near a 9xed singular point 0∈ sing (F). A
theorem of Malgrange [7] says that if cod0 sing (F)¿ 3 then F has a holomorphic
9rst integral in a neighborhood of the origin 0. The regular local leaves of F are
given by the connected components of the level sets of f near 0. Therefore, we will
assume that cod0 sing (F) = 2. If n = 2 then we can assume that sing (F) = {0}. In
this case, the Resolution Theorem of Seidenberg [10] asserts the existence of a proper
holomorphic map  : X˜ → X which is a composition of quadratic blow-ups at the
singular points such that the strict transform F˜ of F by  exhibits in −1(0) only
simple singularities which can be of the following two types:
(i) x dy − y dx + · · · and  
∈ Q+,
(ii) x dy + yp dx + · · ·, p¿ 2. This last case is called saddle-node.
A simple singularity of type (i) is resonant if ∈Q−, and of Poincare type if
 
∈ R−. Recall that a simple singularity of Poincar0e type is linearizable, e.g. biholo-
morphically conjugate to x dy − y dx = 0 [2].
For the case n= 3, the Reduction Theorem was proved in the non-dicritical case in
[2]; the general case is announced by Cano.
Theorem 1 (Reduction Theorem, Cano and Carvean [2]). Let F be a non-dicritical
foliation over (C3; 0)=X . Then there exists a <nite sequence of “permissible blow-ups”
X = X (0)
(1)← X (1) (2)← · · · (r)← X (r);
such that the strict transform F(r) of F under this sequence, has only simple sin-
gularities.
We refer to [2] for a precise description of the notions of permissible blow-up,
simple singularity, non-dicritical,: : : , etc. There are seven types of simple singularities
(in dimension 3) which correspond (roughly speaking) to the classi9cation of closed
meromorphic 1-forms with poles along a normal crossing divisor in dimension 3. One
important fact is the following: if p is a smooth point of the singular set sing (F(r)),
then there exists a germ of two-dimensional simple foliation  on (C2; 0), such that the
germ F(r)p is the pull-back by a holomorphic submersion ’:(X (r); p) → (C2; 0) of
. Remark (by connectedness) that the conjugacy class (under biholomorphic equiva-
lence) of  depends only on the irreducible component K=K(p) of sing (F(r)) by p;
the foliation =(p) is called the transverse (generic) type of F(r) at K . We say that
a component K of singF(j); 06 j6 r is of Poincare (resp. resonant, saddle-node)
type if its regular part consists of two-dimensional-type simple singularities as above,
and the transversal type of F(j) at K is Poincar0e (resp. resonant, saddle-node).
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A resonant component K is purely resonant if the transversal type admits a holomorphic
9rst integral. The foliation F is non-dicritical if the components of the exceptional
divisor produced by the sequence above are all invariant by F(r). This is equivalent
to say that F has only 9nitely many separatrices at 0 and every holomorphic curve
passing by sing (F) and F-invariant is contained in some separatrix of F.
In dimension 2, the reduction of singularities for curves, functions, foliations,: : : is
possible by a 9nite sequence of punctual blow-ups [10]. This is not true in greater
dimension, but the objects having reduction with punctual blow-ups have interesting
geometrical properties. This is the case for Kleinian singularities: let  ⊂ SL(2;C) be a
9nite subgroup. The surface C2= (Kleinian surface) is diNeomorphic to an embedded
surface in C3 of one of the following types:
zn + xy = 0; x(y2 − xn) + z2 = 0; x4 + y3 + z2 = 0; x3 + xy3 + z2 = 0;
x5 + y3 + z2 = 0
corresponding to the classi9cation in cyclic, binary dihedral, tetrahedral, octahedral and
icosahedral groups. Recall the following well-known result:
Theorem 2. Let S be a germ of complex surface with a singularity of multiplicity 2.
Then S can be desingularized by punctual blow-ups if, and only if, S is a Kleinian
singularity (up to isomorphism).
This statement means that combinatorial assumptions on the process of resolution im-
ply some rigid geometrical properties. In the same point of view, the simplest reduction
sequences for foliations are the ones which consist only of punctual blow-ups. The foli-
ations admitting such a desingularization are expected to be also “simple” (see Theorem
3 below). We say that F is desingularized by punctual blow-ups if the desingularizing
sequence consists of punctual blow-ups, that is, X (j−1) ( j)← X (j) is a blowing-up with
center at some point pj−1 ∈X (j − 1). In this case, we write (j)−1(pj−1) = P2(j)
and P2(j) is (isomorphic to) a two-dimensional complex projective space CP(2). We
denote by F(j) the foliation (j)∗F(j−1); j¿ 2; F(1)=(1)∗F. The exceptional
divisor of the 9rst step is de9ned by E(1) = (1)−1(0) =P2(1). The exceptional divi-
sor of the jth step, j¿ 2, is de9ned inductively by E(j) = (j)−1(pj−1)
⋃ {the strict
transform of E(j − 1) in X (j)}.
There are many foliations with the punctual blow-up reduction property; examples
can be found in the class of foliations F =F! having an integrating factor. Recall
that F given by the 1-form ! has an integrating factor f if the meromorphic 1-form
!=f is closed. When f is reduced, i.e. f=f1; : : : ; f‘ with g.c.d.(f1; : : : ; f‘)=1, then
for a good choice of ! and the f′js we can write !=f =
∑‘
j=1 j (dfj=fj); j ∈C. If
the ′js are independent over Z and the hypersurface {f = 0} can be reduced to a
normal crossing divisor by punctual blow-ups, then F=F! has also a reduction by
punctual blow-ups. We will work under the following assumptions:
Denition 1 (Poincar0e quasi-regular foliations). A non-dicritical foliation F over X =
(C3; 0) is called quasi-regular [3] for the reduction X =X (0) (1)← X (1) (2)← · · · (r)← X (r)
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if the singular locus singF(r) of the strict transform F(r) has no component of
saddle-node type; this concept is a natural extension of the notion of generalized curve
given in [2]. An important subclass of quasi-regular foliations is the class of Poincare
quasi-regular foliations (PQRF); a foliation F over (C3; 0) is P.Q.R.F. for the reduc-
tion X = X (0)
(1)← X (1) (2)← · · · (r)← X (r), if any component of singF(r) is of Poincar0e
type. The notion of quasi-regularity does not depend on the choice of the sequence
of blow-ups in the reduction process, that is if F is quasi-regular for a certain re-
duction then it is quasi-regular for any other reduction. Roughly speaking, the reason
is the following: suppose F is not quasi-regular for a certain sequence of reduction
X = X (0)
(1)← X (1) (2)← · · · (r)← X (r). We can construct a surface S ⊂ C3 such that the
strict transform S(r) of S intersects transversely singF(r) in a point of saddle-node
type. As a consequence, the reduction of singularities of the restriction F|S exhibits
singularities of saddle-node type and this property for foliations on surfaces does not
depend on the choice of the reduction. On the contrary P.Q.R.F condition depends on
the procedure of reduction, as it can be easily in the following example: Take the
foliation F given in C3 by the 1-form
xy(x − y)
(
1
dx
x
+ 2
dy
y
+ 3
d(x − y)
x − y
)
; j ∈C− R; 1 + 2 + 3 = 1:
We can reduce F by blowing-up the z-axis, and for this reduction F satis9es PQRF.
We can also reduce F by blowing-up at 9rst the origin 0∈C3 and then blowing-up
the strict transform of the z-axis. For this process of reduction PQRF is not satis9ed.
One of our goals is to prove the following:
Theorem 3. Let F be a germ of foliation on (C3; 0) desingularized by punctual
blow-ups. Suppose that F is PQRF for the punctual reduction sequence X (0)
(1)← X (1)
(2)← · · · (r)← X (r). Then F has a holomorphic (reduced) integrating factor. In partic-
ular there exist j ∈C∗ and fj ∈O(C3) such that F=F! with
!= f1; : : : ; f‘
‘∑
j=1
j
dfj
fj
:
Remark 1. Actually the Reduction Theorem for non dicritical foliations is known in
dimension 6 3. But the statement of Theorem 3 can be made in any (Cn; 0) by arguing
with the Extension Theorem of Integrating Factors [4] to work in dimension 3. Remark
also that Theorem 3 is speci9c of dimension ¿ 3, such a result in dimension 2 is
obviously not true.
The same techniques in the proof of Theorem 3 allow us to prove the following
result concerning the non-hyperbolic case.
Theorem 4. Let F=F! be a quasi-regular germ of holomorphic foliation on (C3; 0)
desingularized by punctual blow-ups. Then ! admits a formal integrating factor h∈ Oˆ3
provided that the punctual blow-up reduction exhibits no purely resonant components
at each step.
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2. Proof of Theorem 3
Let F be a holomorphic foliation de9ned in a neighborhood of the origin 0∈C3.
We 9x a holomorphic integrable 1-form ! which de9nes F and with a codimension-2
singular set 0∈ sing (!). Let X (0) (1)← X (1) (2)← · · · (r)← X (r) be as in Theorem 1. We
denote by F(1) the strict transform of F after the 9rst punctual blowing-up (1) and
consider a point p∈ singF(1). Following [2] and according to our hypothesis, there
are three possibilities for the germ of foliation F(1)p at p:
(1) F(1) has a simple singularity at p and sing (F(1)) is smooth at p.
(2) F(1) has a simple singularity at p and singF(1)p is biholomorphically equivalent
to 3 intersecting non-coplanar lines.
(3) p is not a simple singularity.
In case (3) p belongs to E(1) = (1)−1(0). In case (2) it follows that p belongs
to E(1); according to the P.Q.R.F. condition (which implies local linearization) there
exists a local system of parameters (x; y; z) at p such that E(1); p=(x=0) and F(1)p
is given by the logarithmic form xyz(dx=x+dy=y+dz=z), with ; ∈C\R+. In case
(1) F(1)p is given by a logarithmic form xy(dx=x + dy=y) for a suitable system of
parameters and  
∈ R+; moreover if p∈ E(1), then the germ E(1)p=(x=0) (or (y=0)).
Now we proceed to the proof by induction on the number r of punctual blowing-ups
in the reduction process. Remark that if r=0 the theorem is true: F is given at 0 by a
logarithmic form xy(dx=x+dy=y) or xyz(dx=x+dy=y+dz=z) in a suitable coordinate
system. In the two cases, there is an integrating factor. Remark also that if r = 1, the
theorem is a direct consequence of [4] Theorem 1. Suppose by induction the result to
be true for all foliations F0 such that r= r(F0)¡r0 and suppose r(F)= r0. Now we
take a point p∈ sing (F(1)), if p is of type (3) then by induction the germ F(1)p has
a holomorphic integrating factor, which is unique up to scalar multiplication; indeed the
quotient of two integrating factors is a meromorphic 9rst integral, this must be constant
because of the hyperbolic type of the singularity. If we denote by ! a holomorphic
1-form de9ning F at 0, we have the following: for any point p∈ sing (F(1)) there
exists a holomorphic function fp such that the meromorphic one form (1)∗!p=fp =
!1p=fp is closed. Moreover fp annihilates on the exceptional divisor E(1) and is unique
up to multiplication by a complex number. As a consequence the closed one forms
dfp=fp are well de9ned and we can glue them to obtain a closed meromorphic one
form  1 de9ned in a neighborhood V of the singular set singF(1).
Proposition 1. The 1-form  1 can be extended meromorphically in a neighborhood of
the divisor E(1).
Proof. To prove this proposition we need the following result:
Theorem 5 (Deligne [5]). Let  ⊂ CP(2) be an algebraic curve and V ⊂  be a
neighborhood of . The morphism
1(V − ; v)→ 1(CP(2)− ; v)
is surjective.
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Now remark that, by using the classical Frobenius Theorem, it is possible to make
the analytic continuation of  1 along any smooth path :[0; 1] → E(1) − sing (F(1))
such that (0)∈ (V − sing (F(1))) ∩ E(1). Indeed, the Frobenius theorem assures the
existence of local holomorphic integrating factors fp for F(1) in a neighborhood of
any non-singular point p∈ E(1) − sing (F); thus (also using the uniqueness of  1 at
the singular points) we may perform the analytic continuation of  1 to a neighborhood
of E(1).
The proposition is now a direct consequence of the previous theorem.
We denote still by  1 the closed meromorphic 1-form given by the proposition above;
by the Levi–Hartogs principle [6] there exists a meromorphic 1-form  at the origin
0∈C3 such that  1 = (1)∗ . The poles of  are exactly the image by (1) of the
poles of  1. By construction the poles of  1 are the union of E(1) and the poles of
dfp=fp; p∈ sing (F(1)). Remark also that, if q∈ E(1)−singF(1) then  1; q is of type
$dx=x where $∈N does not depend on q and x is a suitable local coordinate such that
E(1) = (x = 0) at q. We have the following proposition:
Proposition 2. There exists F ∈O(C3; 0), F reduced, such that  = dF=F .
Proof. First of all, it is necessary to prove that the poles of  are simple. Let (F1 =
0) be an irreducible component of the divisor of poles of  . The strict transform
(1)−1(F1 = 0)− E(1) =A1 of (F1 = 0) is contained in the set of poles of  1. Since
the poles of dfp=fp are simple, A1 is a simple pole of  1; as a consequence the poles
of  are simple. It is well known that there exist F1; : : : ; Fr ∈O(C3; 0), Fj(0) = 0 such
that  =
∑r
i=1 i dFi=Fi for some i ∈C∗, with g.c.d.(F1; : : : ; Fr) = 1. We choose a
chart (x; u; v) of X (1) such that (1)(x; u; v) = (x; xu; xv). We have Fi ◦ (1)(x; u; v) =
x$i F˜ i(x; u; v), where $i is the multiplicity of Fi at 0.
As a consequence, we obtain
(1)∗ =  1 =
r∑
i=1
($ii)
dx
x
+
r∑
i=1
1
dF˜ i
F˜ i
:
This shows that
∑r
i=1 $ii = $; by looking for a generic point p∈ singF(1) we see
that
 1p =
dfp
fp
= $
dx
x
+
dy
y
for a certain submersion y and one, and only one, of the F˜ j annihilates at p. This
argument proves that i = 1, and we are done. By construction we have d(!=F) = 0
and Theorem 3 is proved.
3. Proof of Theorem 4
In this section, we prove Theorem 4. We highlight that, roughly speaking, the proof
of Theorem 4 is the same as the one of three after observing that the allowed singular-
ities have a formal integrating factor unique up to multiplicative constants. However,
F. Cano et al. / Journal of Pure and Applied Algebra 178 (2003) 235–243 241
we shall be careful when dealing with the notion of (transversely) formal integrating
factors, de9ned along analytic curves. Thus, we begin by recalling some facts about
the set of separatrices of non-dicritical foliations [2]. Suppose that F is a non-dicritical
quasi-regular foliation in a neighborhood of 0∈C3. Then there exists a germ of hy-
persurface Y ⊂ (C3; 0) such that:
(1) Y is a separatrix of F, that is the connected components of the regular points of
Y are leaves of F.
(2) Any integral curve :(C; 0)→ (C3; 0), i.e. ∗(F) ≡ 0, is contained in Y .
(3) sing (F) = sing Y ⊂ Y .
In the proof of Theorem 4 we shall need the concept of formal completion along
an analytic subset (see [2]). Let F and Y be as above. We denote by W ⊂ C3 a
small Stein neighborhood of 0 with representatives FW and YW of F and Y over
W . If W is chosen suQciently small, then sing (FW ) = sing YW ⊂ YW ⊂ W . We
denote by OW the structural sheaf of W , I=(F) an ideal of de9nition for YW and by
(Wˆ ;OWˆ ) = (YW ; (lim← O=I
k+1)|YW ) the formal completion of W along YW .
Proposition 3. Under the assumptions of Theorem 4, for W small enough, there exists
a global section fˆ of OWˆ over YW such that d(!=fˆ) = 0, where !∈*1(W ) is a
holomorphic PfaBan 1-form de<ning FW over W .
We make notice that d(!=fˆ) = 0 is well de9ned because ! can also be seen as a
section of the formal completion of *1(W ) along YW and therefore fˆ induces a formal
series at 0∈C3 satisfying the conclusion of Theorem 4.
Proof (Proposition 3). We will use induction on the number r of blow-ups in the
reduction sequence for X = X (0)
(1)← X (1) (2)← · · · (r)← X (r) satisfying the assumptions
of Theorem 4.
Step 1: r = 0. In this case, 0 is already a simple singularity of !. In the case, this
singularity is of dimension 2 type we have, up to unit multiplication:
!= x dy + y(1 + A(x; y)) dx; A∈O2; A(0; 0) = 0;  
∈ Q−:
We know that ! has a formal integrating factor fˆ unique up to scalar multiplication.
The condition d(!=fˆ) = 0 implies the following diNerential equation:
0 = fˆ:
[
1− − 
(
A+ y
@A
@y
)]
− x @fˆ
@x
+ y(1 + A)
@fˆ
@y
:
Write
A=
∞∑
i=0
Ai(x)yi;
where the Ai are holomorphic in a 9xed disk D ⊂ (y = 0), and fˆ =
∑∞
i=0 fi(x)y
i;
fi ∈C<x=. For each i we have
fi(x)[1 + (i − 1)(1 + A0(x)]− x @fi@x (x) = Pi(f0; : : : ; fi−1; AO; : : : ; Ai)
for some polynomial Pi.
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If  
∈ Q+ then it can be see (using classical dominating series techniques similarly
to Poincar0e) that the fi are holomorphic in a 9xed sub-disc D′ ⊂ D. This means that
fˆ can be seen as an element of the formal completion of OX (0) along D′. We have the
same along (x = 0), and 9nally fˆ is a global section of OXˆ (0) over YX (0) = (xy = 0).
In the resonant case, ∈Q+, the properties of summability of the integrating factor
proved in [8] imply the previous conclusion for fˆ.
Now assume that 0 is a simple singularity of dimension 3 type. Then, up to multi-
plication by unit and action of diNeomorphisms, we have
!= xyz
[
dz
z
+ (1 + A)
dx
x
+ (1 + B)
dy
y
]
;
where A; B∈O3; A(0) = B(0) = 0; ; ∈C; {; ; =} ∩ Q− = ∅. In all cases, !
has a formal integrating factor fˆ which is necessarily unique, except when ! has a
holomorphic 9rst integral [9], in this last case  and  belong to Q− and we can
suppose that A=B=0 because 0 is a simple singularity. We see that the three axis of
coordinates are purely resonant components. The same considerations as above imply
that fˆ∈OXˆ (0), where Xˆ (0) is the formal completion of X (0) along Y =(xyz=0). This
ends the proof in the 9rst step.
Step 2: Suppose by induction that the proposition is true for any r ¡ r0 and that
r= r0. At this step the proof is almost the same as in Theorem 3. Denote by Y the set
of separatrices of F and Y˜ =(1)−1Y . By induction, at each point p∈ Y˜ ∩sing(F(1))
there exists an integrating factor fˆp of (1)
∗! = !1 living in the structural sheaf of
the formal completion of X (1) along Y˜ at p, fˆp is unique up to multiplication. As
previous, we can glue the diNerential forms dfˆp=fˆp along sing (F(1)) and extend it by
analytic continuation along the regular parts of Y˜ . We obtain a global formal closed
diNerential form  ˆ(1) extending dfˆp=fˆp along Y˜ . Denote by F = F1 : : : F‘ a reduced
equation of Y and F˜ i = Fi ◦ (1). Let $ and $i be the multiplicities of F and Fi,
respectively, $=
∑
i $i, at the origin 0∈C3. Cutting by a two-dimensional section and
using the estimations of multiplicities for generalized curves [1], we obtain $=$(!)+1,
where $(!) is the multiplicity of ! at 0. By a local study we see that the fˆp are of
type:
fˆp = x
$(!)+1+/pf˜p;
where x=0 is a local equation of (1)−1(0), /p ∈N and f˜p annihilates on the F˜ i =0
but not identically over x = 0. Remark that the form dfˆp=fˆp has simple poles along
(x = 0) ∪ (F˜ i = 0). Write
 ˆ(1) =
 ˆ(1)′
xF˜1 : : : F˜‘
=
x$(!)+1 ˆ(1)′
xF1 ◦ (1) : : : F‘ ◦ (1) =
˜ˆ (1)
F1 ◦ (1) : : : F‘ ◦ (1) :
By [2] there exists a formal 1-form  ˆ(0) such that ˜ˆ (1) = (1)∗ ˆ(0); it is clear that
if we write  ˆ(0) =
∑‘
i=1 Aˆi dxi, then the Aˆi are in the completion OXˆ (0) over Y . As
above the closed 1-form  ˆ(0)=F1 : : : F‘ has simple poles. In particular we may write
 ˆ(0)
F1 : : : F‘
=
‘∑
i=1
i
dFi
Fi
+ dHˆ
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with Hˆ ∈OWˆ . The blow-down by (1) gives:
(1)∗
 ˆ(0)
F1 : : : F‘
=
(
‘∑
i=1
i$i
)
dx
x
+ d(Hˆ ◦ (1)):
By comparing locally this expression with the
dfˆp
fˆp
= (1)∗
 ˆ(0)
F1 : : : F‘
we obtain
∑‘
i=1 i$i = $(!) + 1 + /p (note that /p therefore does not depend on fˆp),
and also i ∈Z. It follows that
(1)∗
 ˆ(0)
F1 : : : F‘
= (1)∗
d(F11 : : : F
‘
‘ )
F11 : : : F
‘
‘
+ dHˆ ◦ (1)
and
 ˆ(0)
F1 : : : F‘
=
d(F11 : : : F
‘
‘ )
F11 : : : F
‘
‘
+
d exp(Hˆ)
exp(Hˆ)
=
d(exp(Hˆ)F11 : : : F
‘
‘ )
exp(Hˆ)F11 : : : F
‘
‘
:
Thus, exp(Hˆ)F11 : : : F
‘
‘ is an integrating factor living in the structural sheaf of the
completion of X (0) along Y . Proposition 3 is now proved.
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